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Benefits of modeling spatial correlation

• Failure to model spatial correlation violates 
independence assumptions
• Narrower confidence intervals
• Inflated Type I error

• We want to learn about the spatial structure
• More realistic predictions of species distributions



Hierarchical Spatial Model

Y ∼ 𝑓𝑦 𝑔−1 𝜇

𝜇 = 𝛽0 + 𝑋𝛽 + 𝜔

𝜔 ∼ 𝑀𝑉𝑁(0, Σ)

𝐿 𝝎 =
Σ −1/2

2𝜋 𝑛
exp(−

1

2
𝝎𝑇Σ−1𝝎)



Covariance Matrix, Σ

Exponential Correlation

Σ𝑖,𝑗 = exp(−
𝑑𝑖𝑗

𝜙
)

𝜙: distance spatial correlation ≈10%



Covariance Matrix, Σ

Matérn Correlation

Σ𝑖,𝑗 =
1

2𝜈−1Γ 𝜈
𝜅𝑑 𝜈𝐾𝜈(𝜅𝑑)

𝜎2 = 1, 𝜈 = 1

𝜅 = 8𝜈/𝜙

𝜙: distance spatial correlation ≈10%



Gaussian Field

𝐿 𝝎 =
Σ −1/2

2𝜋 𝑛
exp(−

1

2
𝝎𝑇Σ−1𝝎)



Likelihood Bottleneck

𝐿 𝝎 =
Σ −1/2

2𝜋 𝑛
exp(−

1

2
𝝎𝑇Σ−1𝝎)

• Operations are 𝒪(𝑛3)



Gaussian Markov Random Field (Besag, 1974)

𝑌 𝑠𝑖 𝒔−𝑖 = 𝑌(𝑠𝑖|𝒔𝑗 ∶ 𝑗 ∈ 𝑁𝑏𝑖) sk

sj

sj si sj

sj

sksi

sj

𝑠𝑖 ⊥ 𝑠𝑘 | 𝑠𝑗

GMRF (Besag, 1974)



GMRF 
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Likelihood Bottleneck

𝐿 𝝎 =
Σ −1/2

2𝜋 𝑛
exp(−

1

2
𝝎𝑇𝚺−𝟏𝝎)

• Operations are 𝒪(𝑛3)



Resolving the Likelihood Bottleneck

𝐿 𝝎 =
Σ −1/2

2𝜋 𝑛
exp(−

1

2
𝝎𝑇𝑸𝝎)

• Operations are 𝒪(𝑛3/2)



Stochastic Partial Differential Equation

𝜅2 − Δ 𝛼/2𝑥 𝑠 = 𝑊(𝑠)

Solution: Gaussian Field with a Matérn covariance matrix

SPDE (Whittle, 1963)



Finite Element Method approach to the SPDE

FEM-SPDE (Lindgren et al., 2011)



Finite Element Method approach to the SPDE

FEM-SPDE (Lindgren et al., 2011)

Image source: Krainski et al. 2019

https://becarioprecario.bitbucket.io/spde-gitbook/ch-intro.html#sec:spde


FEM-SPDE with R-INLA

inla.mesh.2d()

inla.mesh.create()



FEM-SPDE with R-INLA

inla.spde2.matern()



Precision matrix from R-INLA output

𝑄 = 𝜏2(𝜅4𝑀1 + 2𝜅2𝑀1 +𝑀2)

𝜔 ∼ 𝐺𝑀𝑅𝐹(𝑄)

𝜅: rate of decay in 
spatial correlation

𝜏2 =
1

4𝜋𝜅2𝜎2
, 𝜈 = 1



TMB’s Spatial Functionality

 Covariance Matrix, Σ:
• matern()
• MVNORM()
• AR1()

 Precision Matrix, Q:
• R_inla::Q_spde()
• GMRF()

 Sparsity detection


